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Entanglement evolutions after a global quantum quench and a local quantum quench in 1+1 dimensional con-
formal field theories (CFTs) show qualitatively different behaviors, and are studied within two different setups.
In this work, we bridge global and local quantum quenches in (1+1)-d CFTs in the same setup, by studying
the entanglement evolution from a specific inhomogeneous initial state. By utilizing conformal mappings, this
inhomogeneous quantum quench is analytically solvable. It is found that the entanglement evolution shows a
global quantum quench feature in the short time limit, and a local quantum quench feature in the long time
limit. The same features are observed in single-point correlation functions of primary fields. We provide a clear
physical picture for the underlying reason.
Global and local quantum quenches in (1+1) dimensional
conformal field theories (CFTs) have received extensive inter-
est in both condensed matter physics and high energy physics
recently [1–5]. In particular, the time evolution of entangle-
ment entropy after a global/local quantum quench in (1+1)-d
CFTs shows universal features. Consider a semi-infinite sub-
system A = [0,∞) on an infinite line. In the case of a global
quench, starting from an initial state which is translation in-
variant and short-range entangled, the time evolution of en-
tanglement entropy for A grows linearly in t, i.e., SA(t) ∼ t
[1, 2]. In the case of a local quench, two CFTs are connected
at their ends (x = 0) at time t = 0 suddenly, then one has
SA(t) ∼ log t [3].
Besides the different behaviors in SA(t), the setups for
studying global and local quantum quenches in (1+1)-d CFTs
are quite different. For the global case, one may choose the
initial state as [1, 2]
|ψ0〉 = e−HCFT |B〉, (1)
where |B〉 is a conformally invariant boundary state, HCFT
is the CFT Hamiltonian, and  characterizes the correlation
length (inverse mass). For a translation invariant initial state,
 needs to be a constant, and therefore is position indepen-
dent. To calculate the entanglement entropy, we are inter-
ested in the equal time correlation function of a set of local
operators Ti(xi, t) which is called “twist operator”, within the
time evolved state e−iHCFTt|ψ0〉. In Euclidean space, this turns
out to be the calculation of correlation functions in a “straight
strip” with width 2, as schematically shown in Fig.1. The
boundary conditions at τ = ± are the conformally invari-
ant boundary state |B〉. Based on this setup, one can find the
time evolution of entanglement entropy for A = [0,∞) after
a global quench as
SA(t) =
pic
12
t, (2)
where c is the central charge of the underlying CFT. This be-
havior can be well interpreted based on the quasi-particle pic-
ture [1, 2].
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FIG. 1. Setups for global and local quantum quenches in (1+1)-d
conformal field theories. For the global case, one has a “straight
strip” with width 2. For the local case, one has two slits located
along the imaginary axis in Euclidean space.
For a local quantum quench, among different setups [1, 3,
5–7], we consider the case of connecting two CFTs at their
ends (x = 0) at t = 0. In other words, for t < 0, the two
CFTs are decoupled and can not talk to each other. Appar-
ently, the initial state in this case is no longer translation in-
variant in space direction. In Euclidean space, one needs to
consider two slits along the imaginary time axis, which are
located at (−i∞,−i) and (i, i∞), respectively (see Fig.1).
The entanglement evolution for A = [0,∞) after such a local
quantum quench is [3]
SA(t) =
c
3
log t. (3)
In this work, by studying a quantum quench from a spe-
cific inhomogeneous initial state, we unify global and local
quantum quenches in the same setup, but at different time
scales. It is found that the entanglement entropy evolution
for A = [0,∞) is
SA(t) =

pic
12
t, t Λ,
c
3
· piΛ
4
· log t, t Λ,
(4)
where Λ is a length scale we will introduce in the inho-
mogeneous initial state shortly. We also consider the case
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2A = [l,∞) with l  Λ, which shows very interesting fea-
tures as well.
Setup
The inhomogeneous initial state we consider has the fol-
lowing expression
|ψ0〉 = e−(x)HCFT |B〉. (5)
Compared to the initial state in Eq.(1), now (x) is a function
of position x. Physically, it means the correlation length is
position dependent. We choose (x) in the following way
(x) = sin 0 ·
√
Λ2 +
(
x
cos 0
)2
, (6)
where Λ is a length scale. In particular, we are interested in
the limit 0 → 0, and therefore
(x) ' 0 ·
√
Λ2 + x2 '

, |x|  Λ,
|x|
Λ
, |x|  Λ,
(7)
where, for comparison with the known results in global/local
quenches, we have defined 0Λ =: . Here  is the parameter
that appears in Eq.(1). Apparently, Λ sets a length scale be-
low which the initial state in Eq.(5) looks the same as that in
Eq.(1).
In Schro¨dinger’s picture, the time evolved state is |ψ(t)〉 =
e−iHt|ψ0〉, where we write HCFT as H for brevity. We are
interested in the equal time correlation function of a set of
local operators Oi(xi), i.e.,
〈ψ0|eiHtO1(x1) · · ·On(xn)e−iHt|ψ0〉
=〈B|eiHt−(x)HO1(x1) · · ·On(xn)e−iHt−(x)H |B〉.
In Euclidean space, this is nothing but the correlation function
of local operators Oi(zi) in a “hyperbolic strip”, with zi =
xi+ iτ . The two edges of this “hyperbolic strip” is defined by
±(x) in Eq.(6), as schematically shown in Fig.2 (a). On each
edge, we have the boundary condition |B〉. To calculate the
correlation function in the “hyperbolic strip”, we use a two-
step conformal mapping:
ζ = sinh−1
( z
Λ
)
,
w = exp
(
piζ
20
)
,
(8)
based on which we map the “hyperbolic strip” in z-plane to a
“straight strip” in ζ-plane, and then to the right half-plane in
w-plane (see Fig.2). The problem is now reduced to the cal-
culation of correlation functions in the right half-plane, which
is easier to handle. To recover the real time evolution, we will
analytically continue the imaginary times as τ → it in the
final step.
Entanglement evolution for A = [0,∞)
2Λsin(ε0)
z
−ε0
+ε0 ζ
ζ=arcsinh(z/Λ) w=exp(πζ/2ε0)
w
τ
x
(a)
(b)
(c)
FIG. 2. Two-step conformal mapping in our calculation. The “hyper-
bolic strip” is mapped to a “straight strip” first, and then to the right
half plane.
For simplicity, first we consider the case A = [0,∞). The
entanglement entropy of subsystem A can be obtained by us-
ing the replica trick. One may first consider the n-th Renyi
entropy
S
(n)
A :=
1
1− n log [tr (ρ
n
A)] .
And the von Neumann entanglement entropy is obtained by
SA := −trρA log ρA = lim
n→1
S
(n)
A . (9)
The term tr(ρnA) in S
(n)
n is related with the correlation function
of n-th order twist operator Tn(z0) as follows
tr (ρnA) = 〈Tn(z0)〉HYP, (10)
where “HYP” represents the “hyperbolic strip”, and z0 = iτ .
The twist operator Tn(z) is a primary operator with the scaling
dimension
xn =
c
12
(
n− 1
n
)
.
By using the conformal mapping in Eq.(8), one has
〈Tn(z0)〉HYP ∼
(∣∣∣∣dwdz
∣∣∣∣
z=z0
1
2Re(w0)
)xn
, (11)
which can be further simplified as
〈Tn(z0)〉HYP ∼
(√
1− τ2/Λ2 · 2 cos (piα/20)
)−xn
. (12)
Here we use “∼” instead of “=” because we are mainly inter-
ested in the universal leading term, and the non-universal co-
efficient will only contribute to non-universal constant terms
in the entanglement entropy, which we are not interested in
here. α in Eq.(12) is defined through
exp (iα) := i
τ
Λ
+
√
1− τ
2
Λ2
.
3τ
x
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FIG. 3. How the “hyperbolic strip” looks like in the short length scale
|x|  Λ and long length scale |x|  Λ.
Next, by considering the analytical continuation τ → it, and
noting that pi20  1, one can obtain the analytical expression
for SA(t) as follows:
SA(t) =
pic
12
· Λ

· log
(√
1 +
t2
Λ2
+
t
Λ
)
. (13)
This result holds for arbitrary time t  . In the short time
limit (  t  Λ) and long time limit (t  Λ), it reduces to
the result in Eq.(4). One can find that in the short time limit,
SA(t) is exactly the same as the global quantum quench result
in Eq.(2). The reason is as follows. In short time limit, based
on the quasi-particle picture, only the region |x| ∼ t  Λ is
relevant for the time evolution of SA(t). As shown in Fig.3,
the “hyperbolic strip” looks the same as a “straight strip” for
|x|  Λ. In addition, the width of this “straight strip” is
2Λ sin 0 ' 2Λ0 = 2 by definition, which is the same as
that in Fig.1.
On the other hand, in the long time limit t  Λ, the “hy-
perbolic strip” in the long-length scale |x| ∼ t looks like “two
slit” (see Fig.3), similar with the local quench setup in Fig.1.
This is why we have SA(t) ∼ log t in the long time limit. By
comparing with the local quench result in Eq.(3), it is found
that SA(t Λ) in Eq.(4) is enhanced by a factor piΛ/4. This
is as expected by considering that the standard local quantum
quench happens at one point (see Fig.1), while in Fig.3 the
“local quench” happens in a region with the length scale ∼ Λ.
Therefore, compared with the local quench setup in Fig.1,
more quasiparticles are emitted from the region |x| ∼ Λ and
contribute to SA(t), resulting in an enhancing factor piΛ/4.
It is straightforward to check that the result in Eq.(4) also
holds for A = [l,∞) with |l|  Λ. It is because in the short
time limit t  Λ, the relevant physics still happens in the
“straight strip”, which corresponds to the global quench setup.
In the long time limit t Λ (and therefore a long length scale
|x|  Λ), the system cannot see the difference between l = 0
and |l|  Λ.
Entanglement evolution for A = [l,∞) with l Λ
Based on the analysis above, it is expected that if the sub-
system A is far from the origin x = 0, one should observe a
local quantum quench feature only. If this is true, another nat-
ural question is: Is SA(t) enhanced by the same factor piΛ/4?
Before checking these questions, let us remind ourselves of
the result of local quench for SA(t) with A = [l,∞), when
connecting two CFTs at x = 0:
SA(t) =

c
6
log l, t < l,
c
6
log(t2 − l2), t > l.
(14)
The fact that SA(t) is time independent for t < l simply
means that the quasiparticles emitted from x = 0 have not
arrived at subsystem A. In addition, in the long time limit
t l, SA(t) is reduced to Eq.(3), as expected.
Now let us check the behavior of SA(t) for A = [l,∞) in
our setup. To capture the local quench feature, we consider the
limit l Λ. The calculation of tr (ρnA) is the same as Eq.(10),
but now we use z0 = l + iτ . Following similar procedures in
the case of A = [0,∞), one can obtain
〈Tn(z0)〉HYP ∼
( ρ
Λ
· 2 cos(piα/20)
)−xn
, (15)
where α is defined by
exp (iα) :=
l + ρ cos θ + i (τ + ρ sin θ)√
(l + ρ cos θ)2 + (τ + ρ sin θ)2
, (16)
with 
ρ =
[
(Λ2 + l2 − τ2)2 + 4l2τ2]1/4 ,
θ =
1
2
arctan
2lτ
Λ2 + l2 − τ2 .
(17)
Then we do analytical continuation τ → it. As shown in
the appendix, the analytical continuation depends on whether
t < l or t > l [3, 8]. After some straightforward algebra, one
can obtain the leading order of SA(t) as
SA(t) =

c
6
log l, t l,
c
6
· piΛ
4
· log(t2 − l2), l > t.
(18)
In addition, for t l, if we check the leading order in time t,
its contribution to SA(t) is
S′A(t) =
pic
12
· Λ
l
· t, t l. (19)
Several remarks are in order:
– By comparing Eq.(18) with Eq.(14), SA(t) in Eq.(18) in-
deed shows the feature of a local quantum quench. In par-
ticular, for t  l, SA(t) is exactly the same as that in local
quench, simply because the regions [0,∞) and (−∞, 0] are
effectively decoupled before t = 0. For t > l, compared with
the local quench result in Eq.(14), there is an enhancing factor
4piΛ/4, which has the same physical origin as that in Eq.(4).
This can be viewed as a consistent double check. For t  l,
SA(t) is reduced to SA(t) = c3 · piΛ4 · log t, as expected.
– Although the leading order of SA(t) shows the local
quench feature, if we look at the time dependent term of SA(t)
for t l [see Eq.(19)], it grows linearly in t, which is the fea-
ture of a global quantum quench. Compared with Eq.(2), the
growth rate is suppressed by a factor Λ/l. The reason is as
follows. For t  l, only the degrees of freedom near the en-
tanglement surface (x ∼ l) contribute to SA(t). If we look at
the “hyperbolic strip” locally around x ∼ l, it is a “straight
strip” with a width 2 · lΛ . This explains the factor Λ/l in
Eq.(19).
As a short sum, for the time dependent terms in SA(t) with
A = [l,∞), we can observe a global quantum quench feature
in the short time limit, and a local quantum quench feature in
the long time limit, for both l Λ and l Λ.
One-point function of primary fields
It is also interesting to check the time evolution of single
point correlation function of a generic primary field Φ(x, t).
The expressiones of 〈Φ(x, t)〉 for standard global and local
quantum quenches in Fig.1 are as follows. For a global quan-
tum quench, one has [1]:
〈Φ(x, t)〉 ∼ exp
(
−pi∆Φ
2
t
)
, (20)
where ∆Φ is the scaling dimension of the primary field
Φ(x, t). For a local quantum quench, one has [3]
〈Φ(x, t)〉 ∼
{
x−∆Φ , t < x,(
t2 − x2)−∆Φ , t > x. (21)
For t  x, one has 〈Φ(x, t)〉 ∼ t−2∆Φ . Now we turn to the
inhomogeneous quantum quench in our setup. The calculation
of 〈Φ(x, t)〉 is the same as evaluating 〈Tn(z0)〉HYP in Eqs.(11)
and (15). For x Λ, it is found that
〈Φ(x, t)〉 ∼
 exp
(
−pi∆Φ
2
t
)
, t Λ,
t−
piΛ
4 ·2∆Φ , t Λ.
(22)
One can observe that 〈Φ(x, t)〉 shows an exponential decay for
t  Λ, and a power law decay for t  Λ. In particular, the
form of 〈Φ(x, t Λ)〉 is exactly the same as that for a global
quench. For t  Λ, 〈Φ(x, t)〉 shows the same behavior as
a local quantum quench, but with a factor piΛ/4 difference,
which has the same origin as that in Eqs.(4) and (18).
For x Λ, one has
〈Φ(x, t)〉 ∼

x−∆Φ · exp
(
−pi∆Φ
2
· Λ
x
· t
)
, t x,(
t2 − x2)−piΛ4 ·∆Φ , t > x.
(23)
In the short time limit t  x, the first term x−∆Φ , which
is time independent, is exactly the same as that for a local
quantum quench. The second term shows an exponential de-
cay in time, corresponding to the feature of a global quantum
quench. But the decay rate is now suppressed by a factor Λ/x,
which has the same physical origin as the factor Λ/l in Eq.
(19). For t > x, 〈Φ(x, t)〉 has the same expression as that
for a local quench, but with a factor piΛ/4 difference. Again,
this factor has the same origin as that in Eqs.(4) and (18). All
the features above are consistent with our analysis on entan-
glement evolution.
Discussion and Conclusion
In this work, we propose a specific inhomogeneous quan-
tum quench, which is analytically solvable, to bridge the
global and local quantum quenches that were previously stud-
ied in two totally different setups in (1+1)-d CFTs. Given
the initial state in Eqs.(5) and (6), we study the entanglement
evolution SA(t) for A = [l,∞] with l  Λ and l  Λ, re-
spectively. For l  Λ, it is found that SA(t) shows a global
quantum quench feature in the short time limit, and a local
quantum quench feature in the long time limit. For l  Λ,
the leading term of SA(t) shows a local quantum quench fea-
ture in both short and long time limit. However, for the time
dependent term in short time limit, it shows the global quan-
tum quench feature. Therefore, we claim that for the time
dependent terms in SA(t) with A = [l,∞), one can observe
the global quantum quench feature in short time limit, and the
local quantum quench feature in long time limit, no matter
l  Λ or l  Λ. We also check the time evolution of single-
point correlation functions of primary fields, the behavior of
which is consistent with the entanglement evolution.
There are many other interesting setups for inhomogeneous
quantum quenches [9–12], among which the most relevant
one to ours is the work by Sotiriadis and Cardy [9], although
the motivation is different. In Ref.[9], the authors studied a
quantum quench from an inhomogeneous initial state, which
can be mapped to a “straight strip”, with the same spirit as
ours. However, the specific configuration under study is a
“stepped width strip”, and only global quantum quench fea-
tures are observed. We also noted some interesting setups
in the holographic entanglement context [13]. In Ref.[14],
various quantum operations including local projection mea-
surements and partial swapping in CFTs and their holographic
dual are studied. Both global and local quantum quench fea-
tures may arise in the entanglement evolution after such quan-
tum operations. It is our future aim to give a systematic
study of different setups that may give rise to global and local
quantum quench features at different time scales. A possi-
ble method is to start from a “straight strip”, and map it to
a “strange strip” by considering various interesting conformal
mappings. Then we choose this “strange strip” as the inhomo-
geneous initial state for quantum quenches. The calculation
can be done by mapping it back to the “straight strip”. This is,
in spirit, similar to the methods used in Ref.[15, 16], although
with different motivations.
5Our setup may also be useful for studying related problems,
e.g., the speed limit of entanglement propagation from an ini-
tial state which is not translation invariant [17]. It is also inter-
esting to study the holographic dual of inhomogeneous quan-
tum quenches based on our setup.
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Appendix
In this appendix, we give some details of calculating SA(t)
for A = [l,∞) with l  Λ. Starting from 〈Tn(z0)〉HYP in
Eq.(15), we do analytical continuation τ → it. It is noted
that ρ cos θ and ρ sin θ depend on whether t < l or t > l as
follows: [3, 8]
ρ cos θ →max[l, t]
(
1 +
Λ2
2 [(max[l, t])2 − (min[l, t])2]
)
ρ sin θ →imin[l, t]
(
1 +
Λ2
2 [(min[l, t])2 − (max[l, t])2]
)
,
(24)
where ρ and θ are defined in Eq.(17). We are interested in the
limit l, t Λ, so that
ρ '
√
|l2 − t2|. (25)
For t < l, it is found that Eq.(16) can be expressed as
exp(iα) '
√
l − t
l + t
. (26)
In the limit pi40  1, one has
S
(n)
A (t) '
c
12
· n+ 1
n
log
(√
l2 − t2 ·
(
l + t
l − t
) pi
40
)
. (27)
Noting that  := 0Λ, one can obtain Eqs.(18) and (19) in the
short time limit t  l. For t > l, based on Eq.(24), one can
obtain
exp (iα) ' Λ
2
· 1√
t2 − l2 . (28)
In the limit pi40  1, one has
S
(n)
A (t) '
c
12
· n+ 1
n
log
(√
t2 − l2 ·
(
2
√
t2 − l2
Λ
) pi
20
)
,
(29)
based on which one can obtain the leading term in Eq.(18) for
t > l.
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